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Final exam logistic

e Final exam will be held in person on April 29, at 9am-12pm
Toronto local time in room BN 322 (all sections).

e Exams will be 100 points in total and 180 mins long. Students are
required to be at the exam location at least 10 mins early, with
valid identification. Exam will be administered by FAS.

@ You can use two optional A4 aid sheets - double-sided.

e Exam covers all lectures (weeks 1-12), it is closed book/internet.

A representative practice exam will be posted on the webpage.
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Probabilistic MLL Terminology

The final exam will be on the entire course; however, it will be more
weighted towards post-midterm material. For pre-midterm material,
refer to the midterm review slides on the website.

o Exponential families

e Directed Graphical Models e Variational Inference

e Markov Random Fields @ Variational Autoencoders
o Message passing e Embeddings and Attention
o Belief propagation e Constrained Decoding

@ Variable eliminitaion @ Speculative Decoding

e Sampling methods o Diffusion models

e Markov chain Monte Carlo
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Week 1-2: Exponential Families

We can write this distribution as an exponential family

p(e]0) =6°(1-0)""
=exp{xlog(f) + (1 —x)log(1—0)}
= exp{a:log( 5) +log(1—0)}
Here,
T(z) =z
= log(%e
A(n) =log(1 +€")
h(z) =1

Notice that A'(n) =
A"( )_

—— = 0 is the mean of T'(X) = X and
ﬁ 6(1 — 0) is the variance of X.
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Mean of sufficient statistics

Moments of exponential families can be easily computed using the
log-partition function. Let X ~ p(x|n) and denote by

I
A(n) = dA(n)/dn

E[T(X)] - A'(n) [ T(x)p(w|n)de — A'(n)

= [{1(2) - A')yh(a) expln T(z) - A(n)}da

- d% (h(x) exp{n' T(x) = A(n)}) da

J

d
- jp(xmm
d

:%1 = 0

Thus, we conclude that E,[T(X)] = A'(n).

The variance var, (T'(X)) can be computed similarly.
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MLE for general Exponential Families

Recall: p(z|n) = /1,(:,1:)exp{r/TT(;17) - A(n)}.
After observing data D with N samples, we write the log-likelihood:

N N
((n: D) = logp(Ds ) = Y logh(z) +0" Y T(=) - NA(y)

i=1 i=1
For the MLE derivation we solve:

N
(D) = ) 1) = NA@) = 0
=1

The MLE for the natural parameters 7 of a general exponential family:

N
. 1. 1 ()
AvLe that solves A (Hvre) = ~ ZlT(:E ).
1=
Note: This equation may not have an explicit solution but the solution

orra o ftha olahal mavimiim
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Week 8-9: KL divergence

We will measure the difference between ¢ and p using the
Kullback-Leibler divergence

_ q(z )
KL(q(z)Ilp(z))—J o()log § 32
B Mo q(z)
Or—gq( )lgp(z)

Properties of the KL Divergence

o KL(q||lp) =20
o KL(q|lp) =0=gq=p
o KL(q|lp) # KL(p|lq)

o KL divergence is not a metric, since it’s not symmetric
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A1 and Tutorial 1

@ Review how to set constraints for exponential families

e Finding sufficient statistics
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Week 8-9: T & M Projection

o I-projection: ¢* = argmingeq K L(q||p) = Eyq(z) log 24 z),

p(z)’
> prq = KL(qu) small

» I-projection underestimates support, and does not yield the correct
moments.

» K L(q||p) penalizes ¢ having mass where p has none.
o M-projection: ¢* = argmingeg KL(p||q) = Eyp(e) log = o).

q(z)”
» pxq = KL(p||g) small
» KL(p||q) penalizes q missing mass where p has some.

» M-projection yields a distribution g(x) with the correct mean and
covariance.

@ One way to proceed is the mean-field approach where we assume:

q(z) = [ Jai(zs)

%

the set @ is composed of those distributions that factor out.

Prob Learning (UofT) CSC412-Week 13 9/19



Week 9: Evidence Lower Bound

ELBO is a lower bound on the (log) evidence. Maximizing the ELBO

is the same as minimizing K L(qy(2)||p(z|x)).

E log q¢(2)
=~ p(z|z)

p(x)
Z;E%[log(%(z)-p(z’x))}

z
= E [log () ]+ E logp(x)
Z~q¢ p(z,x) Z~4¢

= —L(¢) +logp(x)

K L(qy(2)||p(z|2))

Where L(¢) is the ELBO:
£(¢) = E [logp(z,x) ~logge(2) ]
z q¢
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Week 9: ELBO

o Rearranging, we get
L(¢) + KL(gy(2)||p(z]2)) = log p(x)
o Because K L(gy(2)||p(z|z)) = 0,
L(¢) < logp(z)

e maximizing the ELBO = minimizing K L(gy(2)||p(z|z)).
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Week 10: Autoencoders

Autoencoders reconstruct their input via an encoder and a decoder.
Encoder: g(x)=z€ F, ze€X

Decoder: f(z)=2€ X

where X is the data space, and F is the feature (latent) space.
z is the code, compressed representation of the input, x. It is
important that this code is a bottleneck, i.e. that

dim F < dim X

e Goal: 7 = f(g(z)) = x.

input output

decoder
encoder

Prob Learning (UofT) CSC412-Week 13 12 /19




Week 10: Variational Autoencoders

@ The mean p controls where encoding of input is centered while the
standard deviation controls how much can the encoding vary.

Standard Autoencoder Variational Autoencoder
(direct ng coordinates) (and o initialize a probability distribution)

e Encodings are generated at random from the “circle”, the decoder
learns that all nearby points refer to the same input.
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Week 10: VAE vs Amortized VAE Pipeline

For a given input (or minibatch) z;,

e Amortized VAE

e Sample

e Standard VAE

e Sample

zi ~ qg, (2]2;) = N (i, 07 1). j\lfzjj((;JiZ;:(xl))

Run the code through decoder and get likelihood: py(x|z).
Compute the loss function (-ELBO):

L(2:6,0) = =E.-q,[ 1ogpo(2]2) | + KL(go(212)Ip(2))

Use gradient-based optimization to backpropogate JgL, 0y L
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LLM explainability

SAE architecture - Figure out model features

MoEs - Train with features in mind

MoE model routing, sparse vs dense models

Data selection for training

Original Model Activations SAE Activations

X l Matrix
Matrix Multiply
Multiply Decoder Matrix

Encoder Matrix

Reconstructed Activations
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Constrained decoding

o LLM sampling - Top k, Top p, Epsilon, Temperature

Beam vs Greedy

Approaches to limit output vocabulary

Create practice problems to constrain

Algorithm 1 Constrained Decoding
Input: Checker C, LLM f, Tokenized Prompt =
Output: Completion o adhering to C'

Lo+

2: C.init()

3: loop

4:  C.update(o) /I advance state of C'
5:  m « C.mask() // compute mask
6 v+ f(z+o) 1/ compute logits
7. vV emov

8: t ¢ decode(a’) // e.g., argmax or sample

9: ift = EOS then break

10:  o.append(t)

11: end loop

12: return o 1/ optionally detokenize

Figure: Constrained decoding formulation (Beurer-Kellner, 2024)
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Speculative decoding

e Approaches - Draft (small model) and verify (large model)

@ Medusa head approach, predict k additional Tokens

o Review empirical vs theoretical results

Algorithm 1 SpeculativeDecodingStep

#1060
Original Model
LM Head

Last Hidden

© Medusa Heads

4 Top-k Predictions

Medusa Head 1 }—

is, ", the ]

Medusa Head 2 ]—

difficult, is, ]

Medusa Head 3 ]—

not, difficult, a ]

~Input - Candidates
What will happen if Itis difficult not
Medusa meets a llama? It' difficult a X

Itis' not X

Medusa

/. Single step prediction
Itis difficult
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Inputs: M,, My, prefiz.

> Sample 7y guesses 1 ... , from M, autoregressively.
fori=1to~ydo

6(z) < My(prefiz + [z1,...,2i-1])

z; ~ qi(z)
end for

> Run M), in parallel.
171(5'7)»< .. anH(I) <~
My (prefiz),..., My(prefiz + [z1, ... ,z,])

> Determine the number of accepted guesses 7.
ry ~U(0,1),...,7, ~U(0,1)
nemin({i—1]1<i <y,m > 2EHIU{)
> Adjust the distribution from M), if needed.
P'(z) ¢ Pnta(z)
if n < -y then

P(z) < norm(maz (0, pn41(2) - ga41(x)))
end if
> Return one token from M,,, and n tokens from M,,.
t~p'(z)

return prefiz + [z1,...,Zn,t]

Speculative Decoding
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Closing remarks

Continuing with machine learning:

e Courses
» CSC 413/2516, “Neural Networks and Deep Learning”
CSC 2515, “Machine Learning”
CSC 2532, “Statistical Learning Theory”
CSC 2541, ”Neural Network Training Dynamics”
Topics courses (varies from year to year): Reinforcement Learning,
Algorithmic Fairness, Computer Vision w/ ML, NLP w/ ML,
Health w/ ML etc.
» CSC49X - Capstone courses

e Videos from top ML conferences (NeurIPS, ICML, ICLR)
e Try to reproduce results from papers

vV v vy

» If they’ve released code, you can use that as a guide if you get stuck.

o Lots of excellent free resources available online!
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Summary

Review lectures.

Understand derivations.

Solve the practice final.

Review papers mentioned in class

Fill out course evaluations!

Thanks!
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